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Abstract 

The relation between crossed product and ff-Galois extension in braided tensor 
category C with equivalisers and coequivalisers is established. That is, it is shown 
that if there exist an equivaliser and a coequivaliser for any two morphisms in C, 
then A = B# a H is a crossed product algebra if and only if the extension A/B is 
Galois, the canonical epic q : A ® A — > A (g>s A is split and A is isomorphic as left 
l?-modules and right -ff-comodules to B ® H in C. 
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Introduction 

The Hopf Galois extension has its roots in the work of Chase-Harrison-Rosenberg |Hj 
and Chase-Sweedler |7j. The general definition about Hopf Galois extension appeared 
in [2] and the relation between crossed product and if-Galois extension was obtained 
in for ordinary Hopf algebras. See also the books by Montgomery ^H] and 

Dascalescu-Nastasecu-Raianu [§| for reviews about the main results in this topic. 

On the other hand, braided Hopf algebras have attracted much attention in both math- 
ematics and mathematical physics (see [I] [I] [E] [EI] [H| |2II] EI])- in particular, braided 
Hopf algebras play an important role in the classification of finite-dimensional pointed 
Hopf algebras (see So it is desirable to generalize the above results to the case of 

braided tensor categories. In this paper we show that if there exist an equivaliser and a 
coequivaliser for any two morphisms in the braided tensory category C, then A = B# a H 
is a crossed product algebra if and only if the extension A/B is Galois, the canonical epic 
q : A®A— *v4®£^4is split and A is isomorphic as left 5-modules and right if-comodules 
to B ® H in C. 
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This paper is organized as follows. In section 1 since it is possible that the category 
is not concrete, we define the coinvariants B = A coH and the tensor product A ® B A over 
algebra B by equivaliser and coequivaliser for right if-comodule algebra (A, ip). Our main 
result in this section is given in theorem 11.31 In section 2, we apply the conclusion in 
section 1 to the Yetter-Drinfeld category %~yD and give an example to explain our result. 

1 Hopf Galois extension in braided tensor categories 

In this section we give the relation between crossed product and if-Galois extension in 
braided tensor categories. 

Let (C, ®, /, C) be a braided tensor category with equivalisers and coequivalisers, where 
/ is the identity object and C is the braiding. We denote idw®f by W®f for convenience. 
In this section, we assume that there exist an equivaliser and a coequivaliser for any two 
morphisms in C. 

For two morphisms fi, f 2 : A — > B, set target(A, f\, f 2 ) =: {(D,g) \ g is a morphism 
from D to A such that f±g = f 2 g} and source(B, f\, f 2 ) —'■ {(D, g) \ g is a morphism from 
B to D such that gf\ = gf 2 }, the final object of the full subcategory target(A, fi, f 2 ) 
and the initial object of the full subcategory source(B, fi, f 2 ) are called equivaliser and 
coequivaliser of fi and f 2 , written as equivaliser (/i. f 2 ) and coequivaliser (/i, f 2 ), respec- 
tively . Let (A, ip) be a right if-comodule algebra and (if, m, rj, A, e) a braided Hopf alge- 
bra in C. We called the equivaliser (%p, id a ®Vh) the coinvariants of A, written (A coH ,p). 
We called the coequivaliser ({tra® A)(A®p® A) , (A®mA)(A®p® A)) the tensor product 
of A and A over A coH , written (A ®a coH A, q). Note that p is monic from A coIi to A and 
q is epic from A ® A to A ®a^ oH A (see [TJ] ). 

Definition 1.1 Let (A,ip) be a right H-comodule algebra in C and can' =: (m^ <g> 
H) (A<S>tp) a morphism from A® A to A®H. If there exists an equivalence can in C from 
A ®a coH A to A® H such that can o q = can', then we say that A is a right H-Galois, or 
the extension A/A coH is Galois. 

We first recall the crossed product Bj^ a H of B of H in C similar to ^Hl Definition 
7.1.1]. (H, a) is said to act weakly on algebra B if the following conditions are satisfied: 
(WA): a(H <g> m B ) = m B [a (g) a) (H ® C ® B)(A H <g> B <g> B) and a(H <g> r) B ) = Vb^h- 
o is called a 2-cocycle from H <g> H to -B if the following conditions are satisfied: 
(2-COC): m B {a®o){H®C®H){H®H®o®m)(H®H®H®C®H){/\ H ®/\ H ®/\ H ) = 
m B (B®a)(a®m®H)(H®C®H®H)(A H ®A H ®H) and a{H®rj H ) = o(n H ®H) = r] B e H . 
(B, a) is called a twisted if-module if the following conditions are satisfied: 
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(TM): m B (a ® a)(H ® C ® H)(H ® H ®a® H)(H ® H ® H ® C)(A H ® A H ® B) = 
m B (B ® a) (a <g> m ® B)(H ® C® H ® B)(A H ® A H ® B) and ® B) = %d B . 

The crossed product B# a H of S and if is 5® if as an object in C, with multiplication 

m B#CT ^ =: (m B ® H)(m B ®a ®m H )(B ® B ® H ®C ® H) 

(B®a®A H ® A H )(B ® H ® C ® H)(B ® A H ® B ® H) 

and unit r\ B ®rjH- 

Lemma 1.2 If B is an algebra and H is a bialgebra in C, then A = B# a H is an 
algebra with unity element tja = r] B ® r\ B iff (H, a) acts weakly on B and (B, a) is a 
twisted H -module with 2-cocycle a. 

Proof. Let a = (a®m H )(H®C®H)(A H ®A H ) and 2 ,i = (a®H)(H®C)(A®B). It 
is clear that the multiplications in Bj^ a H and B txi^ 2 1 H are the same (see |3, Proposition 
2.2]). Consequently, it is sufficient to show that |SJ Relation (2.3)] holds if and only if 
(H, a) acts weakly on B and (B, a) is a twisted ii-module with 2-cocycle a. Let us denote 
the relation (2.3) in 3, Proposition 2.2] by the following: 



(a ®H)(H® C)(A H <8> B)(r] H ® B) 
(d ® m H ){H ®C ® H)(A H ® A h ){t]h ® H) 

(a ®H){H® C)(A H ®B){H® rj B ) 
(a ® m H )(H ®C® H)(A H ® A H ){H ® r] H ) 



(B®r] H ). 
(Vb®H). 
(tjb ® H). 
{rj B ® H). 



n 



(a ®H)(H® C)(A H ® m B ) 



(m B ® H)(B ® a ® H)(B ® H ® C) 

(a ® A H ® B)(H ® C ® B)(A H ®B®B). 



in 



{m®H)(B®a® m H ){B ® H ® C ® H)(a ® A H ® A H ) 
(H®C® H)(A H ®a® m H )(H ® H ® C ® H)(H ® A H ® A H ) 
(m B ®H)(B®a® m H )(B ® H ® C ® H)(B ® A H ® A H ) 
{a ® m H ® H)(H ® C ® H ® H)(A H ® A H ® H). 
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(iv) 



(m® H)(B ®a ® m H )(B ® H ® C ® H)(a ® A H ® A H ) 
(H®C®H)(A H ®a®H)(H®H®C)(H®A H ®B) 
= (m B ® H)(B ® a ® H)(B ® H ® C)(B ® A H ® B)(a ® m H ® B) 
(H ®C ®H® B)(A H ®A H ® B). 

Obviously, if (WA), (2-COC) and (TM) hold then relation (i) holds. Therefore, we assume 
that relation (i) holds. Applying (id B ® ch) on relation (iii), we can obtain (2-COC). It 
is straightforward that (ii) 4»(WA), (iii) (2-COC) and (iv) <^(TM). Consequently, 
using Proposition 2.2], we complete the proof. □ 

Theorem 1.3 Let C be a braided tensor category with equivalisers and coequivalisers 
for any two morphisms in C. Then the following assertions are equivalent: 

(i) There exists an invertible 2-cocycle a : H ® H — > B, and a week action a of H on 
B such that A = Bj^ a H is a crossed product algebra. 

(ii) (A, if)) is a right H -comodule algebra with B = A coH , the extension A/B is Galois, 
the canonical epic q : A® A — > A ®b A is split and A is isomorphic as left B -modules 
and right H-comodules to B ® hi in C, where the H-comodule operation and B-module 
operation of B ® H are ipB®H = id B ® A H and chb®h = rn B ® id H respectively. 

Proof, (i) =^> (ii). It is clear that (A, if)) is a right S-comodule algebra under if-comodule 
operation if) = (B ® Ajj). Let p =: id B ® n H . For object D and any morphism /:£)—>• 
B# a H in C with ipf = (id a ® Vh)/, set / =: (id B ® e)f. Thus p o f — f, which implies 
that (B,p) is the coinvariants of (A, if)). Set ©' =: (m A ®r] B ® H)(A®C H:B ® H)(A® H ® 
o- 1 ® H)(A® S ® S ® A)(A® A 2 H ) : A® H -> A® A and O =: q o ©' : A ® H A ® B A. 

It is remain to show that can o O = id and O o can = id. For this we first give the 
relation between the module operation and the 2-cocycle. Let a denote the convolution- 
inverse of a and a -1 . We denote the multiplication, comutiplication, antipode , braiding 
and inverse braiding by 







and 




, respectively . 



4 




5 



H H H 




The left side of (*) . 



A 

H H H 




Indeed , it is clear that a(H ®a v ) is the convolution inverse of a(H®a) . Therefore , it 
is sufficient to show that the right side of (**) is also the convolution inverse of a(H®a). 
See 
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Now we see that 
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13 



H 




14 



H 




A BE 

See that 



6 o can o q = q o ©' o can' 

= q{m A ® A)(A®p® A)(A® B ®n B <g> H) 
= q(A(g)m A )(A(g)p(g) A)(A(g) B (g)n B (g) H) 
= 1 ■ 

Thus 6 o can = idA® B A- Furthermore, since = q o 6' we have q o (0' o _1 ) = id, which 
implies q is a split epic morphism. 

(ii) =>- (i). Since q is split, there exists morphism w : A ®b A ^ A ® A such that 
q o w = idA® B A- Let 9'=: wo can" 1 : A £g> H — > A £g> A, can' =: can og: A ® A ^ A (g> i/ 
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and 7 =: §(n A <g> H) : H -> A, w = can" 1 ^ <g> if ) : if -> A ® B A, w' = 6'(^ <8> if) : 
if -> A <g> A and /i = mi(A®p® e#)(^4 ® : if — > A. Obviously, can' 1 = q o ©', 

can' ou' = can oqo Q'(r) A <S> if) = can o can' 1 (n A <8> if) = (77,4 ® if) and ^07 = (7 <g> if ) A. 

(A ® ey = («' ® if) A (1) 

since (can' <3 H)(A®ip)u' = (m A ® H ® H)(A®ip ® H)(A® ip)u' = (m A <g> A)(A®V)«' = 
n A ®A and (can' <g> if) (if' <8> if) A = (can' on'® if) A = ^ <g> A. 

^A«' = TMCtf ( 2 ) 

since ma' = (m^ ® e#)(v4 ® ip)u' — [A® e)can' o u' = (A £g> e^)(?7^ ® if) — n A en- 

(m A ® A) (A <g> u')V> = ^ <g> A (3) 

since can'(m A ® A)(A® u')ip = (m A ® H)(m A ® ijj)(A® u')ip = (m A <g> H)(m A ® A® 
H)(A®u' ®H)(A® A H )ip = V> by©,©, and can'(n A ® A) =ip. 
Now we show that /i is the convolution inverse of 7. Indeed, 

= m(§ ® fi)(n B ® A H ) 

= m A (A ® /J,)if}&(i]B ® if) since $ is an if-comodule morphism 
= (m^ ® ch-)(A ® ® ® A ® p ® ® A ® ® u')ip$(r]B ® if) 

= (p®e H )(n B ®H) by© 
= Va® £h and 
^7 = m j4 (m j4 (g)v4)(A(g)p®e®v4)(A(g)<l>" 1 ®<l>)(n'(g)?7 J 4(g)i7)A jy 
= m j4 (A (8) $)(A ® 5 ® e <g> if )(A ® ® if )(«' ® H)A B 

since $ is a 5-module morphism 
= m^A <g> $)(A ® 5 ® e <g> if)(^ ® <g> if)(A (g) ^)«' by© 
= m A (A ® $)(A ® B ® e ® H)(A® B ® A H )(A <g> $~ x y 

since $ _1 is an 5-comodule morphism 
= m A (A <g> $) (A ® $ _1 y 
= mi?i' 
= e H ?M by ©. 

Thus 7 has a convolution inverse \x. Since both ?/'7~ 1 and Ch,a{S <8> 7 _1 )A are the convo- 
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lution inverse of ^7, ^7 1 = C h ,a(S ® 7 1 )A. Set 

a' =: m A {A®m A )(-i ®p®-i~ l )(H ®C H) b){&® B) : H <g> B -> A, 
cr' =: m A (m A ®7 _1 )(7<g) 7® m)(H ® C ® H)(A H ® A H ) : H ® H ^ A. 
J =: m A (>y (g)m A )(m H (S)C a ,a)(H (g) H (g)>y~ l (g)>y- l )(H (g)C (g) H) 
(A H ® A H ): H ® H ^ A. 

Since ifmiA{p <8> p) = {A <g> i]H)Tn A (p ® p), there exists mg : B ® B ^ B such that 
jmiB = mA{p ® p)- Similarly, there exist i]B'-I^B,a:H®)H^B,a:H®)B^B 
and uj : H ®> H ^ B such that pr^e = ^a, P<7 = cr', P« = a' and pa; = u/. It is easy to 
check that is the convolution inverse of cr. Furthermore, (5, mg, 77^) is an algebra in C. 
Now we show that conditions (2-COC), {W A) and (TM) hold. 




AH AH 
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21 




22 
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H H B 




A 



Thus (2-COC) , (TM) and (WA) hold. Finally ,we show that $ is an algebra isomorphism 
from Bj^ a H onto A . 
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Since $ is an isomorphism we have $(t}b <8> r] H ) = tja- □ 
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2 Hopf Galois extension in the Yetter-Drinfeld cate- 



gory 

Using the conclusion in Theorem II in this section we give the relation between crossed 
product and iY-Galois extension in the Yetter-Drinfeld category %yD with Hopf algebra 
D over field k. 

It follows from Corollary 2.2.8] that %yT> is an additive category. Therefore , by [T2*l 
Page 242], equivaliser(fx, f%) = ker{f\ — f 2 ) and coequivaliser(fi, f 2 ) = A/Im(fi — f 2 ) 
for any two morphisms f\, f 2 in %yT>. Consequently we have 

Corollary 2.1 Let C be the Yetter-Drinfeld category %yT> . Then the following asser- 
tions are equivalent: 

(i) There exists an invertible 2-cocycle a : H <g> H — > B, and a week action a of H on 
B such that A = Bj^ a H is a crossed product algebra. 

(ii) (A, ip) is a right H-comodule algebra with B = A coH , the extension A/B is Galois, 
the canonical epic q: A®A^A®sAis split and A is isomorphic as left B-modules 
and right H-comodules to B <g> H in C, where the H-comodule operation and B-module 
operation of B eg) H are ipB®H = id B (g> A H and olb®h = m B ® idjj respectively. 

Corollary 12. II implies [01 Theorem 6.4.12] since q is split in the category of vector spaces 
with trivial braiding. 

Example 2.2 Let H be a braided Hopf algebra in %yV. Let B = H and H act on B 

by adjoint action a = m(H (g) m)(H <g) C h ,b)(H <g> S <g> B)(A H <g> B). Thus B#H = A 
is a smash product algebra in %yV. By Corollary \2.R A/B is an H -Galois extension in 

D D yv. 

Note that many braided Hopf algebras have been known. For example, by the Rad- 
ford's method in ^11 Theorem 1 and Theorem 3] , one can obtain a braided Hopf algebra 
H in the Yetter-Drinfeld category %yT> for any graded Hopf algebra A with D = A . 
One can also obtain a braided Hopf algebra H_, the braided group analogue of H in the 
Yetter-Drinfeld category ^yD for any (co)quasitriangular Hopf algebra H with D = H 
(see [H|). Furthermore, there exist many graded Hopf algebras as they can be constructed 
by Hopf quivers (see jH]. Otherwise, Nichols algebras also are braided Hopf algebrs. 
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